Synchronous vibration, a common issue in active magnetic bearing (AMB) system, is mainly caused by mass imbalance of the rotor. It comes with high-power consumption and serious impact on the housing base, dramatically degrading the performance of AMB. Magnetically suspended flywheel (MSFW), which owns a flat rotor and consequently shows strong gyroscopic effects even at low operating speed, requires additional attention not only for suppressing the synchronous vibration but also for maintaining the overall stability faced with the coupled dynamics. In this work, in order to suppress the vibration torques in MSFW with significant gyroscopic effects, an improved synchronous rotating frame-(SRF-) based control method is proposed. e proposed method introduces the compensation phase for stability adjustment and aims at simultaneously suppressing the synchronous components in the coupled axes. Firstly, the vibration torque model of MSFW is established, and the baseline control strategy for suspension and gyroscopic effects restrain is derived. en, the principle and implementation of the improved SRF-based vibration torque method are analyzed, which aims at suppressing the synchronous vibration torques through attenuating synchronous components in coil currents. Moreover, the stability of the overall closed-loop system is analyzed. Finally, the effectiveness of the proposed method is verified through simulation and experimental results.
Introduction
Magnetic bearings have seen great development in a wide range of industrial fields. Unlike conventional mechanical bearings, magnetic bearings utilize magnetic forces to support a shaft without any physical contact. It offers advantages of no friction, no lubrication, and long lifespan [1] [2] [3] [4] [5] . One of the most promising features of magnetic bearings is that the dynamic performance of the shaft is able to be shaped to different applications.
ese superior characteristics make magnetic bearings widely used in various fields, such as flywheels and high-speed motors [6] [7] [8] [9] .
Periodical disturbance is a common concern in magnetic bearings. It induces fluctuating current in the coil and further generates the vibration forces and torques [10] [11] [12] . A dominant source of the disturbance is the mass imbalance of the rotor. e mass imbalance leads to the misalignment of the principle axis of inertia and the axis of its geometry. It is unrealistic to achieve a mass-balanced rotor by sophisticated manufacturing; even though possible, mass shifts occur when the rotor rotates at high speed. To resolve the problem introduced by mass imbalance, adopting active control strategy for the active magnetic bearings is a superior and reliable option. Active vibration control strategy can force the rotor to rotate about its inertial axis, thus reducing the synchronous vibrations caused by mass imbalance. e active magnetic bearings usually support a rotor in 5 degrees of freedom (DOFs). A slim rotor, which has a small ratio of the moment of inertia, has such weak gyroscopic effects that the magnetic bearing system can be regarded as five single-DOF decoupled systems. us, the active control method can be implemented on every axis, and it is equivalent to five single-input single-output (SISO) systems. However, a flat rotor suspended by the magnetic bearings possesses the strong gyroscopic effects [13] . e gyroscopic effects lead to the coupling dynamics in the radial direction. It is especially serious for a magnetically suspended flywheel (MSFW). Flywheel is an essential part installed onboard satellites, whose vibration is a threat to the performance of the satellite payload. Consequently, the control strategy for MSFW is confronted with a multiple-input multiple-output ( MIMO) system. e active synchronous vibration control for the coupled MIMO system with serious gyroscopic effects has been a challenging control problem in the flat AMB-rotor system.
Objectives of vibration suppression control fall into two categories: (1) imbalance compensation and (2) automatic balancing [14] . Imbalance compensation strategies force the rotor rotate around its geometric axis to achieve high rotational precision. In contrast, automatic balancing strategy makes the rotor rotate around its inertial axis, in which case the vibration forces/torques are eliminated. To achieve automatic balancing, there exists many control schemes. A generalized notch filter was proposed in [15] ; it adopted a transfer matrix to adjust the phase of compensation signal and assured a wide stable speed range. e effectiveness of the notch filter method relied on the loop frequency response, which could be easily measured in practice. Based on the principle of notch filter, the transfer matrix was modified in [16] with a leading phase compensator, making it easier to regulate the stability of the closed-loop system. An adaptive feedback method was developed in [17] . In [17] , the synchronous compensation signal was generated automatically to make the controller not respond to the synchronous displacement signal. is method was effective regardless of the loop frequency response. An LMS adaptive filter [18] was proposed to achieve imbalance compensation in a hard-disk system. Compared to the notch filter method, LMS adaptive filter offered the advantage of tuning parameters directly. Extensive studies of vibration control such as automatic learning algorithms and robust controller can be found in [19] [20] [21] [22] .
However, these aforementioned methods are only feasible for the SISO system, where the controlled plant is decentralized. Moreover, the stability problem caused by gyroscopic effects is not taken into consideration. To attenuate vibration torques in a MIMO system, a crossfeedback notch filter was proposed in [23] . e vibration torque suppression was obtained by a cross-feedback notch filter, and the gyroscopic effects were reduced by a crossfeedback controller. e stability was maintained and the effectiveness was verified through analysis and experiments. However, its controller order is large, which increased the computational burden in digital signal processor. Eliminating vibrations as well as overall stability preservation for a MIMO system is of significance. ere remain much improvements for applying conventional control schemes.
e idea of synchronous rotating frame (SRF) method has been widely used in the fields of power electronic and motor control to extract and track signals [24] [25] [26] [27] [28] [29] . In [24] , the SRFbased strategy was utilized to obtain a phase locked loop (PLL), which consumed less computational resources. A paralleled current controller structure for three-phase grid converter was proposed in [27] ; it deployed the controller in rotating frame and performed reduction at multiple harmonics. In [29] , to simplify the calculation of the real and reactive power quantities, rotating frames reference was selected to clearly represent the positive and negative sequence voltages and currents. Nevertheless, in magnetic bearing applications, there is little work of using the SRF-based method in the MIMO system with regard to vibration suppression. Compared to the existing strategies which aimed at eliminating the synchronous signals in magnetic bearing system, the SRF-based method offers advantages of simplified analysis on closed-loop system stability as well as light pressure on computation for digital signal processor [30] .
is work presents an improved SRF-based method to suppress vibration torques in the MSFW. First, the dynamic model for the MSFW in coupled MIMO radial directions is analyzed and the model for synchronous vibration torques is established. en, the strategy of using the improved SRFbased method is proposed to suppress the synchronous vibration torques.
e improved SRF not only adopts compensation phase for closed-loop stability adjustment but also attenuates the vibration torques in the coupled axes due to the rotor gyroscopic effects. Simulation and experimental results prove that the application of improved SRF-based method in the MIMO system is effective in suppressing vibration torques as well as maintaining the overall system stability.
is paper is organized as follows. e synchronous vibration torques and MIMO dynamics in the radial directions of the MSFW system are analyzed in Section 2. In Section 3, the improved SRF-based synchronous vibration control method is proposed for the vibration torque suppression for the MIMO coupled system. Simulation and experimental results for vibration torques are presented in Section 4. Finally, conclusions are given in Section 5. Figure 1 shows the configuration of MSFW. e MSFW in this work is supported by active magnetic bearings in 5 DOFs, of which the 2 DOFs of radial translational motion are under the control of radial bearings, and the 3-DOF-included axial translational motion and radial rotational motion are under the control of axial bearings. e novel specific structure for the MSFW has the advantages in reducing the axial length and providing a better controllability. is work focuses on the control of the radial rotational motion. More details on the magnetic bearing structure can be found in [31] .
MSFW Dynamic Model
Denote the geometric center of the rotor as C g and the mass center as C i . x, y, and z axes construct the generalized coordinate system with the mass center as the origin. α and β refer to the rotational angle of the rotor about x-and y-axis. It is noted that the mass imbalance is composed of the static imbalance and the dynamic imbalance. For the radial rotational motion, the misalignment of the principle axis and the geometric axis of the rotor lead to the dynamic imbalance and further generate the vibration torques. e vibration torques in the radial directions can be presented as
where J x , J y , and J z are the moment of inertia with respect to x-, y-, and z-axis and λ d and ϕ d are the amplitude and initial phase of the dynamic imbalance, respectively. en, according to Newton's law of motion, the dynamical model of the rotor-AMB system in the radial directions accompanied with the dynamic imbalance [32] can be expressed as
where i α and i β are the control currents in the radial directions and k iz and k sz are the current sti ness and the displacement sti ness, respectively. Figure 2 shows the complete baseline control diagram for the radial rotational motion of the rotor. e complete dynamical model of the radial rotational motion, which includes the dynamics, the baseline suspension controller, the power ampli er, and the sensor, is presented as
where r m is the distance from the geometric center to the axial sensor, g b (s) denotes the baseline PID controller for rotor suspension, g cr (s) denotes cross-feedback controller aimed at attenuating gyroscopic e ects, g a (s) and g s (s) denote power ampli er and current sensor, respectively, and T dx and T dy are the vibration torques for α and β directions, respectively. According to equations (3) and (4), it is noted that the radial rotational system is a multi-input multi-output (MIMO) system and coupled with the rotational speed. In order to simplify the stability analysis of the coupled MIMO system, we reconstruct the coupled system into a complex SISO system. Note that in the generalized coordinate, α leads β by 90°. us, a plural variable can be de ned as
where j is plural unit 1, that is, j 2 −1. Multiplying equation (3) by j and then adding the result to equation (6) yields the di erential equation as According to equation (6) , the equivalent SISO system corresponds to a negative feedback control unit, which is shown in Figure 3 .
As presented in Figure 3 
, G(s) is the equivalent controller and H(s) represents the equivalent control plant. G(s) and H(s) are derived as
us, the complicated MIMO system for MSFW in radial rotational direction is converted to an equivalent SISO system, making it easy for us to do stability analysis as well as implement vibration suppress algorithm. It is worthy to note that the signals in the equivalent SISO system are plural ones.
Improved SRF for Vibration
Torque Suppression
eory Analysis of SRF.
e basic idea of SRF is shown in Figure 4 , where Cx s y s is the stationary reference frame, Cx r y r is the synchronous rotating reference frame, η(t) β(t) + jα(t) is the space vector of speci c frequency, which rotates about the origin at the speed of kΩ, k is the harmonic order, and Ω is the rotor angular speed. If we focus on the synchronous component in radial rotational motion, then in this case k 1. In the reference frame Cx s y s , η(t) rotates about the origin at speed of Ω. When the reference frame Cx r y r spindles about the origin at the same speed, η(t) becomes a stationary vector in the rotational reference frame Cx r y r . e frequency of η(t) is adjustable when the rotational speed of its reference frame is under control.
ere are two kinds of SRF transformation, the positive transformation and the negative transformation [26] . Positive transformation converts the frequency of speci c component in input signal to zero, while negative transformation converts it back to origin. Both positive transformation and negative transformation only convert the frequencies of signals, while the amplitude of signals is preserved. T P (kΩ) and T N (kΩ) are the positive transformation matrix and the negative transformation matrix, respectively. en, the two types of transformation matrices are derived as
where θ k is the initial phase of transformation. us, the positive transformation can be presented as
while negative transformation can be presented as
where η i (t) is the input signal before transformation and η o (t) is the output signal after transformation. It is noted that the signal that the positive and negative transformation implemented has multiple frequencies. By using positive transformation, the frequency of the component which is synchronous to the rotational speed is converted to zero and the frequencies of the other components remain nonzero constant. While after negative transformation, the frequency of all components in the signal converts back to its original value. Figure 5 shows the baseline structure for vibration suppression based on SRF. η [.] (t) is the angle in generalized coordinate. Speci cally, η in (t) is the original signal. η dc (t) is the signal after positive transformation; η dc (t) is the signal ltered by low-pass lter, which is also the input signal into the negative transformation. η out (t) is the signal after negative transformation.
Strategy of the SRF-Based Vibration Suppression Method.
According to equations (9) and (10), the positive transformation and negative transformation in Figure 5 are derived as
Positive transformation indicates that the frequency of all components in the signal decreases by kΩ, and negative transformation means that the frequency of the harmonic us, equations (11) and (12) can be represented by using the exponential expression as
Applying Laplace transformation to equations (13) and (14) results in
en, the signal that passes low-pass lter is presented as
where H p (s) is the low-pass lter and can have the typical structure as
where τ is the time constant of the lter. Furthermore, as presented in Figure 4 , the open-loop transfer function of SRF-based suppression method is concluded as
Hence, the closed-loop transfer function of SRF is obtained as
where κ is the gain of the SRF transformation loop and θ k is used as the compensation phase to adjust the closed-loop system stability.
Design of Low-Pass Filter.
A rst-order low-pass lter is adopted inside the SRF-based vibration suppression strategy, as presented in equation (17) . Time constant τ decides the speed of convergence and the cuto frequency of the lter. e time constant can be calculated as
where f c denotes the cuto frequency.
When passing through the low-pass lter, the signal whose frequency is below f c retains its amplitude, while the amplitude of the signal whose frequency is beyond f c is suppressed. en, the characteristic of the low-pass lter can be presented as
where f 0 is the frequency of the rotational speed and f denotes the frequency of the vibration signal. After positive transformation, the frequency of the vibration disturbance signal is f − f 0 . e vibration signal can be regarded as the combination of multiple sinusoidal disturbance signals, whose frequencies are f 1 , f 2 , . . ., f n , respectively, and the frequency of the synchronous vibration signal is f i f (f i ∈ f 1 , f 2 , . . ., f n ). When the synchronous vibration signal passes through the lowpass lter, the speci c frequency can be substituted into equation (21) and obtained as
It indicates that the synchronous vibration signal passes through the low-pass lter without losing its amplitude. For
. ., f n ), there are two factors that decide the reduction of the amplitude of a signal, f and f c . According to equation (21) , it can be observed that the larger the |f−f 0 | is obtained, the larger the amplitude is reduced. To obtain the synchronous sinusoidal vibration signal, this property is exactly what is desired.
As the frequency of the signal that is designed to pass the lter is zero, one could set the cuto frequency f c as small as possible, in which case a narrow-band notch lter can be obtained. Nevertheless, a small cuto frequency means narrow bandwidth, resulting in slow convergence speed. On the other hand, if f c is a large value, then more high-frequency signals would pass the low-pass lter; this means the band of the notch lter is broader. A broader band notch lter brings instability to the controller. us, there should be a trade-o between the convergence speed and the stability of the lter. Figure 6 shows the whole control diagram with the SRF plugged into the baseline MSR-rotor control system. is structure has the merits of independent tuning of the nominal position controller and the proposed vibration controller. e sensitivity function of the inner loop [G, H] is presented as
Analysis of System Stability.
To evaluate the stability of the system, it is necessary to investigate the poles and zeros of the closed loop. e characteristic polynomial of the closed-loop [G, H, G k ] is
e system is stable only if all zeros of the characteristic polynomial are located in the left-hand side of the complex plane (LHP). Generally, we assume the system denoted by Figure 5: e strategy of the SRF-based method for vibration suppression.
Shock and Vibration

S(s)
is stable, which means the poles of S(s) are located in the LHP. e task is to determine the location of new poles imported by G k (s). Let Δ 0, that is,
If κ 0, one of the roots of the characteristic polynomial is s −(1/τ) + jkΩ. Generally, τ is a constant number, which means the root is located within the eld of s jkΩ. e root locus s(κ) is a di erentiable function at κ 0. Linearizing the root locus branch starting at jkΩ for κ 0 yields
us, there exists a small κ such that the root locus branching from s jkΩ stays in the LHP.
e maximum damping can be achieved when the root locus derivatives given by equation (26) equal to π. Furthermore, the maximum damping means that the best stability of the closedloop system is obtained, that is,
where Re[·] means taking the real part and Im[·] means taking the imaginary part. Actually, the insertion of N k (s) is supposed to reduce the bearing sti ness with respect to a narrow band of frequency at kΩ, which means the bearing sti ness remains una ected at any other frequencies.
Simulation and Experimental Results
Simulation and Experimental Setup.
In order to evaluate the proposed synchronous vibration suppression scheme, a MSFW, as shown in Figure 7 , is used to test the proposed SRF method performance on the vibration reduction. It also shows the measurement system for directly tested vibration torques of the MSFW. e experimental setup is composed of an interface e average value of the background noise is 100-200 mN, which is suitable for testing the microvibrations produced by MSFW. e signal processing unit includes the multichannel charge ampli er 5080 and the real-time multianalyzer. e real-time multianalyzer is used to process the microvibration data in real time, e.g., transforming the data in time domain into the frequency domain to distinguish the frequency contents. e parameters for the MSFW model are shown in Table 1 . Without losing accuracy, the parameters are set in accordance with the actual equipment. e task of simulation and experiment is to verify that in the presence of the proposed method, the stability of the overall closed-loop system is preserved and the vibration torques are reduced.
Simulation Results.
e task of parameters tuning of the proposed vibration controller is to locate the additional poles in the left half plane (LHP), such that the closed-loop system with the proposed vibration controller is stable. e original closed-loop system is a high-order system; in the absence of the proposed vibration controller, the original closed loop is stable with appropriate controller parameters, which means all poles of the original system are located in the LHP. e constant speed 1500 rpm is chosen as typical low-speed range to analyze the stability performance. For the operating conditions, the bandwidth of the low-pass lter is chosen as f c 2.3 Hz. It is noted that the choices of control gain κ and θ k depend on the operating speed of the rotor and the sensitivity function of the system. Large κ will damage the closed-loop stability while small κ will reduce the e ects of vibration suppression.
Firstly, the compensation phase θ k which used to stabilize the closed-loop system is discussed. Since the range of θ k can be determined once κ is settled, we use root locus to analysis the range of θ k . Before further discussion about κ, we may as well x κ at 100. Figure 8(a) shows the root locus of the additional pole introduced by the proposed vibration controller when increasing the value of θ k from −180°to 180°. As shown in Figure 8(a) , there are four tracks of the root locus, which are denoted with 1, 2, 3, and 4. e pole starts from track 1, then crosses the imaginary axis when θ k −100°, and enters track 2 and 3. In track 4, it stays in the LHP until θ k reaches 50°. e poles that are located in the LHP indicate the closed loop is stable; thus, we get the range of θ k that can stabilize the system is (−100°, 50°).
Although all θ k within the speci c range is able to stabilize the system, the task to nd an optimal value of θ k is still of our interest. Figure 8(b) shows the di erent root locus with the xed θ k and the varying gain κ ∈ (10, 300). For the simple description, the angle between the root locus at starting point and the real axis is denoted as the departure angle. According to Figure 8(b) , when θ k 20°, the departure angle of the root locus is about 100°. While the departure angle becomes 150°and 180°when θ k 0°and θ k −20°, respectively. It can be seen that θ k can adjust the departure
Baseline complex SISO system SRF-based vibration suppression G k (s) Figure 6 : e whole control diagram for synchronous vibration suppression with the embedded SRF method.
angle of the root locus introduced by the proposed vibration controller. If θ k is closer to the angle of S(jΩ 0 ), the departure angle of the root locus is closer to 180°. e departure angle of the root locus is associated with the damping of the system, and the optimal damping can be achieved when the departure angle is 180°.
e result is in accordance with equation (27) . According to the constraint given by equation (27) , we can choose θ k −22°for low operating speed condition to obtain an optimal damping. Without loss of generality, we choose θ k −11°for high operating speed condition.
Furthermore, the control gain κ and the compensation phase θ k in the SRF loop are analyzed. Figure 9 shows the ratio of the amplitude of coil current with the proposed vibration controller to that without the proposed vibration controller. It is observed that when the closed loop is stable, di erent values of θ k will not a ect the performance of the proposed vibration controller in view of its performance in suppressing synchronous currents. Besides, it can be seen from Figure 9 that when κ increases from 0 to 300, the ratio decreases from 1.0 to 0.03; that is, a larger κ promises a better vibration suppression e ect. On the other hand, where the larger κ is chosen, the closer the pole is close to the imaginary axis. Hence, the large κ would deteriorate the closed-loop stability. us, there should be a trade-o when choosing κ. Figure 9 shows that as the current reduction grows slowly after κ reaches 100, it is reasonable to choose κ 100 in this work. Figures 10 and 11 show the simulation results of coil currents at low operating speed and high operating speed with di erent choices of κ and θ k . As observed from Figures 10(a)-10(c) , at low operating speed 1500 rpm, the amplitude of coil currents decreases when the proposed vibration controller is activated. Comparing Figure 10 (a) with Figure 10 (c), it is proved that a larger κ contributes to a larger reduction of the amplitude of coil current. However, when di erent values of θ k are chosen, it shows little difference with respect to the reduction of the amplitude of coil current. Moreover, the baseline controller will not be stable if the value of θ k is inappropriate, which is shown in Figures 10(d) and 11(d) . It makes sense that the compensation phase θ k determines the stability range, not the suppression performance of the proposed vibration controller. Figure 11 shows that the proposed vibration controller is also e ective at high operating speed 4800 rpm, where the amplitude of coil currents declines with the presence of the proposed vibration controller.
Experimental Results.
To investigate the performance of the proposed synchronous vibration suppression, the vibration torques under constant rotational speed and varied rotational speed are considered. Figure 12 shows the vibration torque signal spectrums with and without the proposed vibration suppression strategy when the MSFW rotates at 1500 r/min. Figure 13 shows the vibration torque signal spectrums with and without the proposed vibration suppression strategy when the MSFW rotates at 4800 r/min. As can be observed from Figure 12 (a), the maximum synchronous component of the vibration torques is 0.3 Nm without suppression, while it reduces to less than 0.1 Nm with the proposed method as shown in Figure 12 (b). It can be deduced that there is greater than 67% reduction in the synchronous component of the vibration torque. e similar performance can be observed in Figure 13 . e maximum peak-to-peak value of synchronous vibration torque is approximately 2.6 Nm without any suppression. When the proposed method is implemented on the baseline control system, the maximum synchronous component reduces to 0.8 Nm. e experimental results for the vibration torque under the constant rotational speed indicate that the synchronous component can be greatly eliminated with the proposed SRFbased strategy.
MSFW Kistler table
Control system
The enlarged view of Kistler table
The enlarged view of MSFW Figure 7 : e experimental setup, including the tested MSFW, the Kistler table for vibration torques measurement, and control system for the algorithm implementation. Shock and Vibration Furthermore, the vibration torques of the MSFW in the full speed range are measured and presented. e MSFW operates in a speed run-up case from 0 to 5000 r/min. Figure 14 shows the comparative experimental results of the vibration torques without suppression and with the proposed SRF-based synchronous vibration suppression method for α and β directions, respectively. As observed from Figure 14 without suppression, the synchronous harmonic decreases to a small amplitude with the proposed suppression scheme.
As for the synchronous component torque, the maximum amplitude is about 30% of that without suppression as shown in Figure 14(d) . It demonstrates the e ectiveness of the proposed method in suppressing the synchronous vibration torques. Moreover, the stability of the MIMO coupled system in a speed variation condition is preserved in a good performance.
Conclusion
In this paper, an improved SRF-based synchronous vibration torque suppression method for MSFW in the presence of gyroscopic effects and coupled dynamics is proposed. Compared to the conventional autobalancing control methods, the proposed method can not only eliminate the synchronous component in the coupled control axes but also preserve the closed-loop stability of the MSFW system by only adjusting the compensation phase. Moreover, the SRFbased vibration control algorithm suppresses the vibration torques significantly with simplified design procedure and low burden for digital signal processing. Simulation and experimental results show that the application of SRF can reduce the synchronous component in coil currents within a wide range of speed. At the constant operating speed, specifically, the synchronous vibration torque is decreased by 70%. In the future work, the SRF method can be extended to the multiple harmonics suppression for the magnetic bearing system.
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